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Automated Generation of High-Order Partial Derivative Models

James D. Turner¤

Amdyn Systems, White, Georgia 30184

A standard problem in science and engineering consists of developing mathematics and sensitivity models for
complex applications for optimizing a candidate design. A chain rule-based evaluation technique is presented for
analytically evaluating partial derivatives of nonlinear functions and differential equations de� ned by a high-level
language.A coordinate embedding strategy is introduced that replaces all scalar variables with higher-dimensional
objects. The higher-dimensional objects are de� ned by a concatenation of the original scalar and its Jacobian,
Hessian, and higher-order partials. Exact sensitivity models are recovered for arbitrarily complex mathematical
models. An operator-overloading technique is used to de� ne generalized operators for basic and standard library
functions. The generalized operators encode the chain rule of calculus and store the results of partial derivative
calculations in the arti� cial dimensions used to rede� ne the scalar operations. Hidden operations automatically
generate and evaluateexact � rst- throughfourth-orderpartial derivativemodels, which are accurate to the working
precision of the machine.The new algorithmreplaces a normallycomplex, error-prone, time-consuming,and labor-
intensive process for producing the partials with an automatic procedure. Module functions encapsulate new data
types, and extended mathematic and library functions for handling vector, matrix, and tensor operations. Matrix
operations are shown to generalize easily. The algorithm has broad potential for impacting the design and use of
mathematical programming tools for applications in science and engineering. Several applications are presented
that demonstrate the effectiveness of the methods.

Introduction

T HE calculation of sensitivity partial derivatives is a frequently
occurring task during the engineering design and control

process.1¡27 Sensitivity models are derived from an underlying
mathematical model of the physical system. Analytical models are
preferred. Unfortunately, for many large problems, the time and
labor costs required for code development and testing are pro-
hibitive.Numericalmethodsare conceptuallystraightforward;how-
ever, many algorithms are very sensitive to assumed perturbation
step sizes, and a function must be sampled two or more times to
estimate reliably the sensitivity.This paper presents a third alterna-
tive approach for generating the sensitivity data: an object-oriented
Cartesian embedding algorithm (OCEA).1;2 OCEA combines the
accuracy of the analytical method with the simplicity of a nu-
merical method, where the user makes no decisions about how
the partials are generated. Operator-overloading techniques28¡30

are used to automate the partial derivative calculations. A single
OCEA function evaluation generates exact numerical values for
the function, as well as hidden values for the Jacobian and higher-
order partial derivatives. The partial derivatives are extracted as a
postprocessing step by using utility routines. FORTRAN 90 (F90)
and Macsyma 2.4 (Ref. 31) OCEA prototype codes have been
developed.

OCEA belongs to a class of computational methods known as
automatic differentiation (AD).1¡19 AD has existed as a research
topic since the 1980s (Ref. 3). AD is a chain rule-based eval-
uation technique for building partial derivative models with re-
spect to user-de� ned sets of independent variables. The method-
ology works for any high-level language.1;2 A common strategy
has been to preprocess a programmed function, identify the unary
and binary functional operations,28¡30 and build up forward and
backward computational sequences,3¡9 where the sequence data
are used for generating an output source code for the partial
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derivative calculations. This approach has proven to be extremely
successful for large-scale applications with highly sparse system
models.5¡11 For example, ADIFOR4;5 represents a successful im-
plementation of this approach for � rst-order partials. Other re-
lated codes include AD01,8 which uses F90 operator-overloading
techniques28¡30 andcomputationalgraphs.9;19 ADOL-C9 is a widely
usedgraph-basedC/CCC codefor � rst-orderpartials.ADMIT-111 is
a MATLAB® interfacetoolboxfor linkingdifferentAD codes to the
MATLAB environment.AUTO Deriv21 handles transformationsof
FORTRAN codes. The availability of AD tools has sparked the in-
vestigationof many emergingapplicationsin optimization,1;2;7¡11;16

robotics,17 multibody,1;2;18 algorithms,1;2;15;19 and molecular
dynamics.13

In contrast with computational graph approaches, OCEA’s
operator-overloadingalgorithms28¡30 build models on the � y: No
application-speci�c source code is written for computing the par-
tials. Arbitrarily complex systems and matrix algebra are handled
because OCEA operates at the elementary operator and function
level. Many algorithms only require the insertion of a USE Module
statement and some minor changes of variable types. OCEA en-
abled partial derivative capabilities represent a language extension
for high-level languages, that is, F90/F95,28¡30 CCC, and Matlab.
For large problems, OCEA has the potential for replacing months
of analyst time with days of computer time. The automated nature
of OCEA produces a computational overhead for all calculations.
Some calculations can be 100 times slower than equivalent hand-
optimized codes. Nevertheless, for complex problems, it is likely
that the reductions in analyst development time will signi� cantly
offset any increased computer costs.

PreviousAD approacheshave been limited to second-ordercapa-
bilities for Hessians and directionallyprojected partials. This paper
signi� cantlyextends the rangeof applicationareas for AD technolo-
gies by presenting algorithms and applications that exploit though
fourth-order capabilities.

Computationally,OCEA replaceseach scalarobjectwith a scalar-
like compound data object that consists of a concatenation of the
scalarvariableand its associatedpartialderivatives.OCEA variables
are created in software by de� ning a derived data type. The hidden
arti� cial dimensions provide storage and workspace for the partial
derivativecalculations.The scalarlikenature of OCEA variablesal-
lows conventionalmathematicalprogrammingalgorithmsto remain
essentially unchanged when enhanced for OCEA capabilities.28¡30

For example, the 1 £ 1 scalar g, in a second-orderOCEA algorithm,
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is transformed to become the following data structure28¡30:

g|{z}
1 £ .1 C m C m2/

:D

2

4 g|{z}
1 £ 1

rg|{z}
m £ 1

rrg|{z}
m £ m

3

5 I

r D On1
@

@x1
C ¢ ¢ ¢ C Onm

@

@xm

where xi ; i D 1; : : : ; m , is the vector of independent variables,
Oni D .±i1; : : : ; ±im / is a unit vector in the i th coordinate direction,
±i j is the standard Kronecker delta, and the transformed version of
g has dimension 1 £ .1 C m C m2/: The new compound data object
consists of a concatenation of the variable and two-orders of par-
tial derivatives. Generalizations for higher-dimensionalversions of
OCEA are obvious.

The developmentof anOCEA-basedAD capabilityrequires three
elements: 1) generalizedintrinsic binary operators fC; ¡; ¤; ¤¤; =g,
2) generalized unary functions fcos.x/; sin.x/; tan.x/;
log.x/; : : : :g, and 3) encoded chain rules for all new operators and
functions. Derived data types and interface operators28¡30 are used
to manage the OCEA binary operators and unary functions. Ex-
pressing these requirements in F90 leads to 50C module-hidden
routines for rede� ning the intrinsic and mathematical library func-
tions. Operator overloading manages the de� nitions for interface
operators that allow the compiler to recognize 1) the mathematical
functionsand 2) the argument list data types (includinguser-de� ned
data types) for automatically building links to the hidden routines
at compile time.

The mechanicsof operatoroverloadingis bestunderstoodby con-
sideringa simple example.To this end,assumeone wants to evaluate
f D xy=

p
z, where (x; y; z/ are independentvariables.As shown in

Table 1, the standard and OCEA-enhanced FORTRAN models for
f are identical. The compiler recognizes the operator-overloaded
operators for ¤ and =, as well as a generalized library function in
the square root (sqrt) calculation.This information allows the com-
piler to build links to the hidden OCEA functions for automatically
computing f and its partials.

During an OCEA partial derivative calculation, four factors im-
pact the ef� ciency of the calculations: 1) partial derivative order,
2) exploitation of symmetry (Table 2), 3) exploitation of sparse
structure, and 4) level of optimization for the OCEA generalized
intrinsic and mathematical functions. A full exploitation of these
factors can dramatically impact the computational performance of
OCEA-based tools, that is, 10–100 times).

Table 1 Comparison of FORTRAN and a second-order OCEA
FORTRAN model

Mathematical model f D xy=
p

z

FORTRAN f D x ¤ y=sqrt.z/
f :D (scalar)
OCEA-enhanced FORTRAN f D x ¤ y=sqrt.z/
f :D (scalar, vector, tensor)

D

2

6664

f;
h

@ f

@x

@ f

@y

@ f

@z

i
;

h
@2 f

@x@x

@2 f

@x@y
¢ ¢ ¢ @2 f

@z@z

i

3

7775

Table 2 Number of terms for a symmetric and nonsymmetric
OCEA variable

OCEA data storage Total number of
strategy OCEA variables

Nonsymmetric OCEA
qP

n D 0

mn D
.1 ¡ mq C 1/

.1 ¡ m/

Symmetric OCEA
qP

n D 0

³
n C m ¡ 1

m ¡ 1

´
D

³
q C m

m

´

OCEA methodology can be expected to have a broad impact
on the design and use of mathematical programming software for
science and engineering applications and support a wide spectrum
of sensitivity-based knowledge discovery applications. The paper
presents algorithm, software, and application formulation issues.

Mathematical Formulation
OCEA methodology can be viewed as a transformational pro-

cess that changes OCEA data, that is, functional and partial deriva-
tive information, into different forms during calculations. For ex-
ample, when an OCEA sine function is computed, one obtains
sin.x/ :D sin.[x; rx; rrx; : : :]/ :D [sin.x/; cos.x/rx; cos.x/
rrx ¡ sin.x/rxrx; : : :], where OCEA has transformed all of the
informationprovidedin the inputOCEA variablex . All intrinsicop-
erators and library functions similarly encode the transformational
process.

OCEA tool development addresses the following six software
issues: 1) de� ning how independent variables are transformed to
OCEA form; 2) developing derived data types for vectors, tensors,
and embeddedvariables;3) de� ning interfaceoperators for support-
ing generalizedoperations;4) usingmodulefunctionsto hide OCEA
computational resources; 5) de� ning OCEA-enhanced library rou-
tines that encode chain rule models; and 6) providingutility routines
provide to access the OCEA partial derivative calculations.

Initialization of OCEA Independent Variables
Independent variables are identi� ed for each application and

transformedto OCEA form. For example,given the following set of
independentvariables x1; x2; : : : ; xn , the second-orderOCEA form
of xi is given by

xi|{z}
1 £ .1 C n C n2/

:D

2

6664
xi|{z}

1 £ 1

;

2

4
±1i
:::

±ni

3

5

| {z }
n £ 1

;

2

4
0 ¢ ¢ ¢ 0
:::

: : :
:::

0 ¢ ¢ ¢ 0

3

5

| {z }
n £ n

3

7775

where ±i j denotes the standard Kronecker delta function and
i D 1; : : : ; n. The vector part represents the Jacobian and the ma-
trix part represents the Hessian for xi . The nonvanishingpart of the
Jacobian is the essential element for enabling the numerical partial
derivative calculations.During a calculation, the partial derivatives
are accumulated so that a general OCEA variable assumes the form

v :D

2

4v;

2

4
x
:::
x

3

5 ;

2

4
y ¢ ¢ ¢ y
:::

: : :
:::

y ¢ ¢ ¢ y

3

5

3

5

where x and y are generic � lling elements.
The elementsof an OCEA-scalar compounddata object are refer-

enced by de� ning f :D [ f; r f; rr f ], where the individualobjects
are extracted as

f D f %E; r f D f %V; rr f D f %T

where %E is the scalar part of the embedded variable, %V is the
vector part of the embedded variable, and %T is the tensor part
of the embedded variable. At a � ner level of detail, the individual
components are extracted by de� ning

f D f %E; .r f /i D f %V %V PART .i/

.r f /i j D f %T %T PART.i; j/

where ( )i is the i th component, ( )i j is the i– j th component, and
V PART(i ) and T PART(i; j ) are structureconstructorvariables.28¡30

The computational advantage of this approach is that high-level
variable assignments can be made for updating vector, matrix, and
tensor computations.
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Intrinsic Operators and Functions
Operator-overloading28¡30 methodologiesare used to rede� ne the

computers operational rules for processing numerical calculations.
The new operational rules are managed in Module functions. Gen-
eralizations for the intrinsic mathematical operators and functions
are presented for addition, subtraction,multiplication,division, and
composite functions. Advanced partial derivative capabilities are
enabled because multiple levels of the chain rule are encoded in
each OCEA operator and function.

Fourth-orderOCEA variablesare used to de� ne the math models,
where a and b are the OCEA variables de� ned by

a :D [a; ra; rra; rrra; rrrra ]

b :D [ b; rb; rrb; rrrb; rrrrb ]

The third- and fourth-order results represent nontrivial extensions
of previously published results.1¡20 Addition and subtraction are
straightforward.Generalizationsfor the product, division, and com-
positefunctioncalculationsare complexandbestexpressedin tensor
index form.

Addition
Adding two OCEA variables yields

a C b :D [a C b; ra C rb; rra C rrb; rrra C rrrb;

rrrra C rrrrb]

Subtraction
Subtracting two OCEA variables yields

a ¡ b :D [a ¡ b; ra ¡ rb; rra ¡ rrb; rrra ¡ rrrb;

rrrra ¡ rrrrb]

Product Rule
The product of two OCEA variables yields

a¤b :D ba¤b; @i .a¤b/; @ j @i .a¤b/; @k@ j @i .a¤b/; @r @k@ j @i .a¤b/c

where

@i .a
¤b/ D ab;i C ba;i

@ j @i .a
¤b/ D a; j b;i C b; j a;i C ab;i; j C ba;i; j

@k @ j @i .a
¤b/ D a; j;kb;i C b; j;ka;i C a;k b;i; j C b;ka;i; j

C a; j b;i;k C b; j a;i;k C ab;i; j;k C ba;i; j;k

@r @k @ j @i .a
¤b/ D a; j;k;r b;i C b; j;k;r a;i C a;k;r b;i; j C b;k;r a;i; j

C a; j;r b;i;k C b; j;r a;i;k C a;r b;i; j;k C b;r a;i; j;k

C a; j;kb;i;r C b; j;ka;i;r C a;k b;i; j;r C b;k a;i; j;r

C a; j b;i;k;r C b; j a;i;k;r C ab;i; j;k;r C ba;i; j;k;r

where @i is the partial derivative with respect to the i th variable,
i; j; k; r D 1; : : : ; m, and m is the number of independentvariables.
The precedingindex notation is very useful for identifying the sym-
metry properties of the objects.

Composite Function Rule
The compositefunctiontransformationevaluatesb D b.a/, where

b 2 fsin, cos, tan, exp, , cosh, sinh, tanh, a sin, a cos, a tan, abs;
etc.g. The transformation follows as b :D bb; @i b; @ j @i b; @k @ j @i b;
@r @k @ j @i bc, where

@i b D b0a;i

@ j @i b D b
00
a;i a; j C b0a;i; j

@k @ j @i b D b
000
a;i a; j a;k C b

00
.a;i;k a; j C a;i a; j;k C a;i; j a;k / C b0a;i; j;k

@r @k @ j @i b D b
0000

a;i a; j a;ka;r C b
000

.a;i;ka; j C a;i a; j;k C a;i; j a;k /a;r

C b
000

.a;i;r a; j a;k C a;i a; j;r a;k C a;i a; j a;k;r /

C b
00
.a;i;k;r a; j C a;i;r a; j;k C a;i; j;r a;k C a;i;k a; j;r C a;i a; j;k;r

C a;i; j a;k;r / C b
00
a;i; j;ka;r C b0a;i; j;k;r

[b0; b00; b000; b0000] D
µ

db

da
;

d2b

da2
;

d3b

da3
;

d4b

da4

¶

The structure of the a tensors is independent of the library func-
tion being processed.The complexities of the transformationsarise
because of the encoded chain rule operations. For example, if
b D .a/, then the composite function transformationalpartials are
given by

[ b0; b00; b000; b0000 ] D
µ

1
a

;
¡2
a2

;
6
a3

;
¡24
a4

¶

Division Rule
A two-step strategy is presented for developing the divi-

sion rule. The goal is to replace the operation b=a with b £ h,
where h D a¡1 . Numerical experiments have demonstrated that
the two-stage approach is »30% faster than using a direct
OCEA division operator. The � rst step uses the composite func-
tion transformation to generate the reciprocal h variable, where
h 0; h00; h000; h 0000] D [¡2=a2; 6=a3; ¡24=a4; 120=a5]. The second
step forms the productb £ h using the productoperator,which com-
pletes the de� nition of the division rule.

Simple Multiplication Example
A second-orderOCEA method is used to multiply xy2, where x

and y are the only OCEA variables, given by

x :D
µ

x;

µ
1

0

¶
;

µ
0 0

0 0

¶¶
; y :D

µ
y;

µ
0

1

¶
;

µ
0 0

0 0

¶¶

Recalling the second-orderproduct rule given by

a £ b D bab; ab;i C ba;i ; a; j b;i C b; j a;i C ab;i; j C ba;i; j c

one computes the OCEA product for y2 as

y2 D
µ

y;

µ
0

1

¶
;

µ
0 0

0 0

¶¶
£

µ
y;

µ
0

1

¶
;

µ
0 0

0 0

¶¶

D

"
y2; y

µ
0

1

¶
C y

µ
0

1

¶
;

µ
0

1

¶ µ
0

1

¶T

C
µ

0

1

¶ µ
0

1

¶T

C y

µ
0 0

0 0

¶
C y

µ
0 0

0 0

¶#

D
µ

y2;

µ
0

2y

¶
;

µ
0 0

0 2

¶¶

Next, completing the product xy2 yields

xy2 D
µ

x;

µ
1

0

¶
;

µ
0 0

0 0

¶¶
£

µ
y2;

µ
0

2y

¶
;

µ
0 0

0 2

¶¶

D

"
xy2; x

µ
0

2y

¶
C y2

µ
1

0

¶
; x

µ
0 0

0 2

¶
C y2

µ
0 0

0 0

¶
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C
µ

1

0

¶ µ
0

2y

¶T

C
µ

0

2y

¶µ
1

0

¶T
#

D
µ

xy2;

µ
y2

2xy

¶
;

µ
0 2y

2y 2x

¶¶

The calculations are straightforwardand performed by hidden rou-
tines in the OCEA library Module function.

Software Architecture Issues
Module functions and derived data types handle OCEA’s core

capabilities. Derived data types allow the compiler to detect the
data types involved in a calculation and invoke the correct sub-
routine or function without user intervention. Providing typed
data subroutines and functions for all possible data type mathe-
matical operations enables the automated compiler detection ca-
pabilities. Three derived data types are required, namely, vec-
tor, tensor, and embedded. Table 3 provides a partial list of
the hidden capabilities incorporated in Modules PV Handling,
PT Handling, and EB Handling for generalizing the assignment
(D) operator. The embedded variable Module provides the libraries
of chain rule encoded generalized mathematical operators and
functions.

Three examples are provided for clarifying the software de-
sign issues. The � rst example adds two vectors. The second ex-
ample computes an embedded sine function. The third example
presents a utility routine for extracting the function, Jacobian,
and Hessian parts of a second-order OCEA variable. In the soft-
ware fragment of Fig. 1, PV denotes the user-de� ned vector
data type. The variable : denotes an array assignment that as-
signs all components.28¡30 Explicit data typing is required for
all variables. Rigid data typing is very useful because the com-
piler can � nd the correct function by 1) identifying the opera-
tor, 2) checking the interface operator de� nitions for generalized
names for the operator, and 3) matching the input data types for the
calculation.

Adding Vector Data Types
At compile time, when the compiler encounters a statement that

adds two user-de� ned vector data types, it automatically builds a
link that calls the functionroutine FUNCTION ADD PV in Module

Table 3 Operator overloading for user-de� ned data-type operations

Data types Mathematical
(A and B) Operations model

Embedded, embedded C, ¡, D A C B , A ¡ B
Embedded, vector D A D B
Embedded, vector D A D B
Vector, scalar £, D A D b £ A, Ai D b, i D 1; : : : ; n
Tensor, tensor D A D B
Embedded, embedded sin A D sin.B/

Fig. 1 Sofware fragment for vector module PV Handling.

Fig. 2 Embedded sine function.

PV HANDLING (Fig. 1). Symbolically this equation looks like

Detected by Interface Operator| {z }
*

PV TYPE D PV TYPE C PV TYPE
+ +

Detected by Function Input
Data Types| {z }

To identify the correct hidden function call, the compiler � rst iden-
ti� es the operator, in this case the addition operator (C). Next,
the compiler identi� es the data type(s) involved in the opera-
tion. Because user-de�ned data types are detected, that is, vec-
tor data types, enabled by operator-overloading techniques, the
PV Handling Module is called to resolve the speci� c routine to be
invoked.In PV Handling,an interfaceoperatorde� nition is encoun-
tered for addition that handles two vectordata types, that is, Module
procedureADD PV. This information enables the compiler to write
a direct link to function ADD PV at compile time for evaluating
this operation during calculations.

Evaluating a Second-Order OCEA Sine Function
An OCEA sine function is a mathematical library object that is

included in Module EB Handling (Fig. 2). A composite function
calculation for the sine function yields

sin.A/ D bsin.A/; @i sin.A/; @ j @i sin.A/c

D [F; DF £ A;i ; DDF £ A;i A; j C DF £ A;i; j ]

where F D sin.A%E/; DF D cos.A%E/; DDF D ¡ sin.A%E/;
A;i D A%V , A;i A; j D AAT %T , that is, vector outer product, and
A;i; j D A%T . Very compact models are developed because user-
de� ned data types for scalar, vector, and tensor objects have
been de� ned. For example, the product DF £ A;i; j is evaluated
in the Module PT Handling, where a scalar and tensor product is
de� ned.

Extracting Partial Derivative Numerical Data
Functionand partialderivativevalues are recoveredby using util-

ity routines, such as the partition–vector–data subroutinepresented
in Fig. 3. The input for the utility routine consists of an OCEA vari-
able. The utility routine unpacks the OCEA compound data object
by using the %E, %V, and %T operators. The output consists of
1) the vector part of the data, that is, VEC, 2) the Jacobian part of
the data, that is, JAC, and 3) the Hessian part of the data, that is,
HES.

OCEA Applications
Three applications are presented for exploiting OCEA algo-

rithms. First, a fourth-order perturbation technique is presented
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Fig. 3 Utility routine for extracting the scalar, Jacobian, and Hessian.

for approximatelysolving nonlinear vector-valuedsets of algebraic
equations. Second, equation of motion models for linked mechan-
ical systems are presented using OCEA generated partials for La-
grange’s method.20 Third, OCEA is used to obtain the sensitivity
partial derivatives for a � rst-order linear matrix–vector differential
equation and its associated state and parameter transition matrices.

Vector-Valued Algebraic Perturbation Method
A fourth-orderpower series is assumed for the solution of a vec-

tor set of algebraic equations. The unknowns in the power series
are the vector-valuedderivatives.The analyticalcalculationsfor the
implicit derivativesare simpli� ed by embedding the nonlinearalge-
braic equationsinto a spaceof higherdimension.23 OCEA is used to
evaluate the transformedset of algebraicequations.This calculation
provides numerical values for the gradientlike terms appearing in
the implicit derivative expressions. After computing the derivative
rates and introducing the results into the assumed power series, the
complete perturbation solution is obtained.

Perturbation Mathematical Model
The mathematical model for a nonlinear perturbation problem

is given by f [x.p/; p] D 0, where f [ ] is an n £ 1 nonlinear vector
function, x. / is an n £ 1 unknown solution vector, and p is a scalar
perturbationparameter.A starting solution is assumed available for
solving f[x.0/; 0] D 0 for x(0). A Taylor series is assumed for an-
alytically continuing the starting guess for x(0) as a function of p,
as

x.p/ D x jp D 0 C
p

1!
dx

dp

­­­­
p D 0

C ¢ ¢ ¢

where the unknowns are the rates for x(p/, evaluated about p D 0.
The implicit nature of f. / makes the problem challenging,particu-
larly for expansion orders greater than two.

A two-step transformationprocess yields the implicit rates. First,
the original nonlinearalgebraic problem is embedded into a higher-
dimensionalmodel23:

H .y/ D q; H D
³

f

p

´
; q D

³
0

p

´
; y D

³
x

p

´

where the new equation is obtained by adding the trivial equation
p D p to f( ). Second, both x and p become OCEA variables. The
bene� t of this transformationis that theoriginalinequalityconstraint
becomes an equality constraint. Assuming a fourth-order OCEA
version of the preceding equation, one obtains

H D [H; r H; rr H; rrrH; rrrr H ]

q D [q; rq; rrq; rrrq; rrrrq]

where the dimension of H [ ] is m D n C 1. The higher-order gradi-
entlike structures of H [ ] are exploited for evaluating the implicit
rates. The following fourth-order Taylor series de� nes the solution
for the perturbationproblem

y.p/ D yjp D 0 C
p

1!

dy

dp

­­­­
p D 0

C
p2

2!

d2 y

dp2

­­­­
p D 0

C
p3

3!

d3 y

dp3

­­­­
p D 0

C
p4

4!

d4 y

dp4

­­­­
p D 0

C ¢ ¢ ¢ (1)

where the unknowns are the vector-valued derivatives. The OCEA
version of p is evaluated at p D 0 by de� ning

p D
µ

01 £ 1

³
0n £ 1

1

´
0m £ m 0m £ m £ m 0m £ m £ m £ m

¶

The partial derivatives for y are obtained from the augmented
equation for H( ), by repeatedly partially differentiating H( ) with
respect to p, yielding

@ H

@p
D

@q

@p
;

@2 H

@p2
D 0;

@3 H

@p3
D 0;

@4 H

@p4
D 0

When it is recalled that H D H[y. p/], these implicit equations yield

dy

dp

­­­­
p D 0

D .rH /¡1

³
0

1

´

d2 y

dp2

­­­­
p D 0

D ¡.r H /¡1rrH ¢ dy

dp

­­­­
p D 0

¢ dy

dp

­­­­
p D 0

d3 y

dp3

­­­­
p D 0

D ¡.r H /¡1

8
>>>>>>>>><

>>>>>>>>>:

rrrH ¢ dy

dp

­­­­
p D 0

¢ dy

dp

­­­­
p D 0

¢ dy

dp

­­­­
p D 0

C 2rr H ¢ d2 y

dp2

­­­­
p D 0

¢ dy

dp

­­­­
p D 0

C rrH ¢ dy

dp

­­­­
p D 0

¢ d2 y

dp2

­­­­
p D 0

9
>>>>>>>>>=

>>>>>>>>>;

d4 y

dp4

­­­­
p D 0

D

¡ .r H /¡1

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

rrrrH ¢ dy

dp

­­­­
p D 0

¢ dy

dp

­­­­
p D 0

¢ dy

dp

­­­­
p D 0

¢ dy

dp

­­­­
p D 0

C 3rrrH ¢
d2 y

dp2

­­­­
p D 0

¢ dy

dp

­­­­
p D 0

¢ dy

dp

­­­­
p D 0

C 2rrrH ¢ dy

dp

­­­­
p D 0

¢
d2 y

dp2

­­­­
p D 0

¢ dy

dp

­­­­
p D 0

C rrr H ¢ dy

dp

­­­­
p D 0

¢ dy

dp

­­­­
p D 0

¢
d2y

dp2

­­­­
p D 0

C 3rr H ¢
d3 y

dp3

­­­­
p D 0

¢
dy

dp

­­­­
p D 0

C 3rr H ¢
d2 y

dp2

­­­­
p D 0

¢
d2 y

dp2

­­­­
p D 0

C rr H ¢ dy

dp

­­­­
p D 0

¢
d3 y

dp3

­­­­
p D 0

9
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;
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where the ( ) denote a dot product for m £ 1 vectors. The solution
is sequential in nature, because higher-order calculations make use
of lower-order y-rate solutions.These equationsrepresenta general
solution for algebraic vector-valuedproblems through fourth order.
Higher-order extensions for are easily de� ned. Using the Macsyma
2.4computeralgebrasystem31 hasvalidatedthebasicalgorithm.The
implicit rate calculations are readily handled by parallel methods.

Vector Perturbation Example Problem
A simple 2 £ 1 nonlinear system of coupled quadraticlike equa-

tions is solvedusing the methodspresented in the precedingsection.
The governing nonlinear equations are given by

x2 ¡ p=z2 ¡ 1/100 D 0; z2 C 2z ¡ px2=z ¡ 3 D 0

Setting p D 0 in the preceding equations yields four starting solu-
tions:

x2 ¡ 1/100 D 0 D >x.0/ D §1/10

z2 C 2z ¡ 3 D 0 D >z.0/ D 1; ¡3

Evaluating the y-rate equations, using the starting values just com-
puted, and introducing the results into the Taylor series expansion
of Eq. (1) leads to

x ¼ x0 C
p

2x0z2
0

¡
p2

¡
z0 C 4x4

0 C 1
¢

4x3
0 z4

0.z0 C 1/
C O. p3; p4/

z ¼ z0 C
px2

0

2z0.z0 C 1/
C

p2
¡
4z2

0 ¡ 3x4
0 z0 C 8z0 ¡ 2x4

0 C 4
¢

4z3
0.z0 C 1/3

C O.p3; p4/

Macsyma 2.4 has been used to validate the OCEA generated
expansions.31 An F90 version of the solution only provides nu-
merical results: no symbolic solutions. A convergence history for
the perturbation solution is presented in Table 4, where the starting
solution is [x(0), z.0/] D .0:1; ¡3:0/ and p D 0.005. As shown in
Table 4, as the order of the perturbation expansion increases, the x
and z solutions rapidly converge.

OCEA Lagrangian Dynamics
A standard problem in analytical dynamics consists of using

Lagrange’s equations20 for generatingequationsofmotionfor linked
mechanical systems.21¡24 The mathematical model for the physi-
cal system is obtained by mechanically differentiating the scalar
Lagrangian function and assembling � rst- and second-order par-
tial derivatives of the system kinetic energy. An OCEA version of
Lagrange’s method is obtained by de� ning the generalized coordi-
natesforq and Pq asOCEA variables.All of the � rst and second-order
partial derivativesrequiredby Lagrange’s equationsare obtainedby
introducing OCEA processed velocities into the system kinetic en-
ergy. A general OCEA-based Lagrangian mathematical model and
a simple planer example are presented.

Lagrangian Mathematical Model
The mathematical modeling technique used in this section is

based on the work of Lagrange (1736–1813), who publishedhis an-
alytical dynamics method in 1788.20 His methods remain attractive

Table 4 Summary of perturbation solutions and necessary
condition errors

X and Y solutions Equation errors

Order X Y E1 E2

0 0.100000000 ¡3.00000000 ¡5.5(¡4) 1.9(¡5)
1 0.102777777 ¡2.99999583 7.7(¡6) 3.7(¡6)
2 0.102739205 ¡2.99999560 2.1(¡7) ¡3.3(¡10)
3 0.102740277 ¡2.99999560 7.3(¡9) 1.6(¡11)
4 0.102740240 ¡2.99999560 2.9(¡10) ¡4.8(¡13)

today for two reasons. First, the process of generating the equations
of motion is reduced to performing mechanical differentiation of a
scalar function. Second, his method provides an automated way to
eliminate topology-basedconstraint forces and torques.Lagrange’s
equation is obtained by applying the calculus of variations for
Hamilton’s principle (see Refs. 21–24):

±

Z t2

t1

.T ¡ V / dt D 0; ±.t1/ D 0; ±.t2/ D 0

where q denotes the m £ 1 vector of generalized coordinates, the
time interval endpoints are assumed to be � xed, and ± is the usual
variationalsymbol.Applicationof Hamilton’s principle leads to the
Lagrangian equations

d

dt

³
@L

@ Pqi

´
¡ @L

@qi
D Q i ; i D 1; : : : ; m

where L D T ¡ V denotes the scalar Lagrangian function,
T D T .q; Pq/ denotes the kinetic energy, V D V .q/ denotes the po-
tential energy, and from the virtual work

±W D
NX

i D 1

Q i ±qi

the generalized force is de� ned by Q i . Lagrange’s equation is valid
for independentgeneralizedcoordinates.OCEA is ideally suited for
this applicationbecause it handles all requiredmechanicaldifferen-
tiations of the scalar Lagrange function.

The generalized coordinates and coordinate rates are given by q
and Pq , where both are treated as OCEA variables. The body refer-
ence point position and velocity vectors are de� ned by ri D ri .q/
and vi D rri .q/ Pq, where the gradient of the position vector is ob-
tained froman OCEA calculationfor the positionvector.The OCEA
kinetic energy (KE) is computed as

KE D
NBX

i D 1

m i vi ¢ vi D
NBX

i D 1

m i .vi x vi x C vi yviy C vizvi z/

where NB is the number of linked bodies and the OCEA product
rule is used for computing the products of the velocity components.
After evaluating the OCEA kinetic energy, one obtains

KE :D
µ

KE;

µ
KE;q

KE; Pq

¶
;

µ
KE;q ;q KE;q ; Pq

KE; Pq ;q KE; Pq ; Pq

¶¶

where all of the partialderivativepartitionshave been automatically
assembled.

When it is assumed that the potential energy vanishes, the equa-
tions of motion are obtained by evaluating the following form of
Lagrange’s equation (see Refs. 1, 2, and 21–25):

KE; Pq ; Pq ¢ Rq D Q C KE;q ¡ KE; Pq;q ¢ Pq

where the generalized force is de� ned by

Q D
NBX

i D 1

Fi ¢ vi;q

The OCEA form of the KE clearly provides all of the vector and
matrix partitions required in Lagrange’s equation.Accordingly,one
can model arbitrarilycomplexmechanicalsystemsby lettingOCEA
carryout the mechanical � rst- and second-orderdifferentiationsfor
the KE.

Planar Dynamics Problem
A planar example problem is considered in this section. The me-

chanical system consists of two bodies. The � rst body consists of a
cart whose attachedwheels interactwith a rigid frictionlesssurface,
where only translationalmotion is allowed. The motion of the body
is restrainedby a linear spring that is attached to rigid wall (Fig. 4).
The second body is attached to the � rst body by a rigid massless
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Fig. 4 Planar cart–pendulum
dynamics problem.

link, where only rotational motion is allowed about the common
hinge that connects both bodies. Both bodies experience gravity
loads, which are assumed to act in the y direction. The motion of
the system is completely de� ned by two generalizedcoordinates, x
and µ , where the position and velocity vectors are de� ned by

r1 D x Oi; r2 D [x C l sin.µ/]Oi C l cos.µ/Oj

v1 D Px Oi; v2 D [ Px C l Pµ cos.µ/]Oi ¡ l Pµ sin.µ/Oj

where Oi is the unit vector in the x direction, Oj is the unit vector in
the y direction, and the overdot denotes the time derivative.

The KE for the system is given by

KE D m1.v1x v1x C v1yv1y/=2 C m2.v2x v2x C v2yv2y /=2

D .m1 C m2/ Px2=2 C lm2 cos.µ/ Pµ Px C l2m2
Pµ 2=2

The equation of motion is obtained by evaluating the following
Lagrangian equations:

d

dt

@KE

@ Px
¡

@KE

@x
D Q x ;

d

dt

@KE

@ Pµ
¡

@KE

@µ
D Qµ

Lagrange’s method requires a second-order OCEA method for
building the required � rst and second-order partials. Higher-order
OCEA methods yield both the equation of motion and sensitivity
models for the equations of motion. The analyst only builds the
KE. Hidden OCEA tools automatically generate the required par-
tial derivatives. For the planar cart–pendulum problem, one de� nes
x; µ; Px , and Pµ to be OCEA variables,where the velocitycomponents
follow as

v1x :D

2

664 Px;

2

664

0

0

1

0

3

775 ;

2

664

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

3

775

3

775 ;

v1y :D

2

6640;

2

664

0

0

0

0

3

775 ;

2

664

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

3

775

3

775

v2x :D
2

664Px C l Pµ cos.µ/;

2

664

0

¡l Pµ sin.µ/

1

l cos.µ/

3

775;

2

664

0 0 0 0

0 ¡l Pµ cos.µ/ 0 ¡l sin.µ/

0 0 0 0

0 ¡l sin.µ / 0 0

3

775

3

775

v2y :D
2

664¡l Pµ sin.µ/;

2

664

0

¡l Pµ cos.µ /

0

¡l sin.µ/

3

775 ;

2

664

0 0 0 0

0 l Pµ sin.µ/ 0 ¡l cos.µ/

0 0 0 0

0 ¡l cos.µ/ 0 0

3

775

3

775

Introducing the OCEA velocities into the KE, one obtains KE :D
[KE; rKE; rrKE], where

KE%E D KE D .m1 C m2/ Px2=2 C lm2 cos.µ/ Pµ Px C l2m2
Pµ 2=2

KE%V D r KE D
µ

KE;q

KE; Pq

¶
D

2

664

0

¡lm2 sin.µ/ Pµ Px
.m1 C m2/ Px C lm2 cos.µ/ Pµ

m2[cos.µ/ Px C l2µ ]

3

775

KE%T D rr KE D
µ

KE;q ;q KE;q ; Pq

KE; Pq ;q KE; Pq ; Pq

¶

D

2

664

0 0 0 0

0 ¡lm2 cos.µ/ Pµ Px ¡lm2 sin.µ/ Pµ ¡lm2 sin.µ/ Px
0 ¡lm2 sin.µ/ Pµ m1 C m2 lm2 cos.µ/

0 ¡lm2 sin.µ/ Px lm2 cos.µ/ l2m2

3

775

where %E , %V , and %T have been used to unpack the OCEA
version of the KE. Introducing these partitions into the equation of
motion, KE; Pq; Pq ¢ Rq D Q C KE;q ¡ KE; Pq ;q ¢ Pq , leads to
µ

m1 C m2 lm2 cos.µ/

lm2 cos.µ/ l2m2

¶
¢ Rq

D
µ

Qx

Qµ

¶
C

µ
0

¡lm2 sin.µ/ Pµ Px

¶
¡

µ
0 ¡lm2 sin.µ/ Pµ
0 ¡lm2 sin.µ/ Px

¶
¢ Pq

which reduces to

µ
m1 C m2 lm2 cos.µ/

lm2 cos.µ/ l2m2

¶
¢ Rq D

µ
Q x C lm2 sin.µ/ Pµ 2

Qµ

¶

In real-world OCEA applications, the analytic variable expressions
are replaced with numerical values.

Differential Equation Sensitivity
A � rst-order differential equation is cast in the form M.x/ Px D

f .x; tI p/, where x is the n £ 1 state vector and p is a m £ 1 vector
of modeling parameters. The goal of the analysis is to obtain partial
derivativesof the system response with respect to x and p. The sys-
tem parameters can consist of initial conditions for the state vector
x, control and/or estimator gains,manufacturingmisalignmentdata,
structural stiffness and damping data, etc.

Standard First-Order Matrix Sensitivity Model
The standardsolutionprocedureconsistsof invertingM.x/, yield-

ing Px D M.x/¡1 f .x; t; p/, where the state sensitivitypartialderiva-
tive follows as

Px;x D ¡M.x/¡1 M.x/;x M.x/¡1 f .x; t; p/ C M.x/¡1 f;x

and the parameter sensitivity partial derivative follows as

Px;p D ¡M.x/¡1fM.x/;x x;pgM.x/¡1 f .x; t; p/

C M.x/¡1. f;x x;p C f;p/

where the inversematrix partialsare complicatedand state transition
matrix are obtained by assuming appropriate initial conditions for
integrating the matrix differential equations.

Standard Second-Order Calculation
The � rst-order matrix–vector partial derivative models are ex-

tended to second-order partial derivative models. Analytically
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computing the second-orderpartial derivatives leads to

Px; p;q D .M¡1/;p;q f C .M¡1/; p f;q C .M¡1/;q f;p C M¡1 f;p;q

where .M¡1/;p D ¡M¡1 M;p M¡1, and

.M¡1/;p;q D M¡1 M;p M¡1 M;q M¡1

C M¡1 M;q M¡1 M;p M¡1 ¡ M¡1 M; p;q M¡1

By counting the operations for the second-order inverse matrix
partials, one � nds that .5n2 C 11n/=2 n £ n matrix products must
be formed (fully accounting for symmetry). Consequently, for a
medium-sized system where n D 100, one must evaluate 25,550
100 £ 100 matrix products.Alternatively,OCEA generatesthe � rst-
and second-order rates without ever explicitly forming any of the
complicated matrix products.

OCEA Matrix Sensitivity Model
The analytical sensitivity models presented earlier are replaced

with much simpler OCEA-based models. Here, x , p, M .x/, and
f .x , t; p/ are developed using OCEA algebra. An OCEA ver-
sion of Gaussian elimination (or other related matrix solver that
has been extended for OCEA capabilities) is used for solving the
linear equation, therebyavoiding the explicit calculationof M(x)¡1.
For a second-orderversion of OCEA, the linear matrix equation is
de� ned by M .x/ Px D f .x; tI p/, where M .x/ :D [M; rM; rrM ],
f .x; p/ :D [ f; r f; rr f ], and Px :D [ Px; r Px; rr Px]. The solution
is Px :D [M¡1 f; Er.M¡1 f /; Er Er.M¡1 f /], where the matrix partials
are implicitly de� ned.

An OCEA-enhanced classical Gaussian elimination algorithm
has been developedand tested that only requires the introductionof
a single Use EB Handling Module command and typing variables
as needed. All data are passed through the procedure argument list,
where the original argument list has been retained. The generalized
intrinsic operators and functions handle all of the details. The re-
sulting solutions have been veri� ed by using symbolic methods by
analytically inverting M.x/, analytically computing the � rst- and
higher-orderpartials of M¡1 f , and comparingdouble precision nu-
merical results for OCEA and the analytically derived models, as
shown next.

OCEA supportsgeneralmatrixoperationsfor linearequationsso-
lutions, eigenproblems, inversion, etc., because are all matrix algo-
rithms are ultimately de� ned in terms of elementary computational
steps involving scalar operations, which are managed by OCEA
operators and functions.

Example problemfor state and parametersensitivitycalculations.
Assume a � rst-order linear matrix differential equation of the form
M.x/ Px D f .x; tI p/, where M .x/ and f .x , t ; p/ follow as

M .x/ D
µ

20x2
1 5x1x2

5x1x2 10x1=x2

¶
; f .x; tI p/ D

³
px1x2

2p
5x2

´

and x D .x1; x2/: The analyticalsolutionfor the differentialequation
can be shown to be

Px D M.x/¡1 f .x; t; p/; D
1

5x1x3
2 ¡ 40x2

1

0

@
p

5x
5
2

2 ¡ 2px1x2
2

px1x4
2 ¡ 4

p
5x1x

3
2

2

1

A

This model is used for computing analytic sensitivity models.

Analytical state and parameter partial derivative models. The
analytical state partial derivativescan be shown to be

@ Px
@x1

D ¡

Áp
x2

¡p
5x

5
2

2 ¡ 16
p

5x1x2
2

¢
C 16x2

1 x2
2

32
p

5x
7
2

2 ¡ 8px6
2

! ¿

¡
5x2

1 x6
2 ¡ 80x3

1 x3
2 C 320x4

1

¢

@ Px
@x2

D

"
¡

p
5x2

¡
x4

2 C 40x1x2

¢
C 4px1x4

2 C 64px2
1 x2

2px1x6
2 C

p
5x2

¡
12x1x3

2 C 96x2
1

¢
¡ 64px2

1 x3
2

# ¿

¡
10x1x6

2 ¡ 160x2
1 x3

2 C 640x3
1

¢

and parameter derivative is given by

@ Px
@p

D
³¡2x2

2

x4
2

´ ¿¡
5x3

2 ¡ 40x1

¢

These equations are used to validate an OCEA-based solution.

OCEA state andparameterpartialderivativemodels. For a � rst-
order OCEA method for modeling the differential equation, the
OCEA variables are x1; x2, and p, and the OCEA forms for M
and f follow as

m11 :D

2

420x2
1 ;

0

@
40x1

0

0

1

A

3

5 ; m12 :D

2

45x1x2;

0

@
5x2

5x1

0

1

A

3

5

m22 :D

2

410x1

x2
;

0

@
10=x2

¡10x1

¯
x2

2

0

1

A

3

5

f1 :D

2

4px1x2
2 ;

0

@
px2

2

2px1x2

x1x2
2

1

A

3

5 ; f2 :D

2

4p
5x2;

0

@
0

p
5=2

p
x2

0

1

A

3

5

The analytic solution for the differential equation rate equation is
given by

³
Px1

Px2

´
:D

³
m22 f1 ¡ m12 f2

¡m12 f1 C m11 f2

´ ¿
.m11m22 ¡ m12m12/

where OCEA operations are implied. The OCEA and analytical
results are compared by introducing the parameter values x1 D 1:5,
x2 D 2:3, and p D 5, leading to

³
Px1

Px2

´
D

0

BBBBBBB@

2

4¡49:0305;

0

@
¡2358:32

4619:85

¡12:6707

1

A

3

5

2

4130:206;

0

@
6237:4

¡12106:4

33:5139

1

A

3

5

1

CCCCCCCA

which reproducesthe numerical results above to 12C digits, thereby
validatingtheOCEA approach.One shouldobservethat the solution
for the linear matrix equation is identical to the classical solution.

State and Parameter Transition Matrix Algorithms
The governingequationsfor a � rst-orderstate and parameterstate

transition matrix differential equations are de� ned by

@ Px
@x0

D @ f

@x
@x

@x0
;

@x

@x0

­­­­
t D t0

D In £ n

@ Px
@p

D @ f

@x

@x

@p
C @ f

@p
;

@ x

@p

­­­­
t D t0

D 0n £ n

The partial derivatives are easily identi� ed as the equations com-
puted in the “Analytical State and Parameter Partial Derivative
Models” section. These calculations are easily automated by de� n-
ing new derived data types or a generalized composite function
operator.
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Conclusions
An object-oriented operator overloading technique, OCEA, has

been presented that introduceshidden arti� cial problemdimensions
to storeandevaluatepartialderivativemodels for arbitrarilycomplex
engineering and scienti� c systems. OCEA provides a rational pro-
cess for generatingsensitivitymodels by creatinga new level of sci-
enti� c and engineering software data abstraction. OCEA operator-
overloading tools allow analysts to develop and code mathematical
models in a familiar high-levelcomputer language.Several essential
principles drive the agenda for this development effort: 1) identi-
fying the model development barriers for rapidly developing exact
high-order application sensitivity models, and working out solu-
tions for these barriers; 2) developing methods and techniques for
providingcommanded level of accuracy results, especiallyfor high-
dimensionalmodels; 3) working with end-user applicationspecial-
ists for de� ning researchdirectionsand software solutionpackaging
requirements; and 4) focusing on methods and systems for deploy-
ing integrated solution approaches.

OCEA has broad potential use for impacting the design and
use of mathematical programming tools for applications in sci-
ence and engineering.OCEA software replaces a time-consuming,
error-prone,labor-intensive,andcostlyendeavor,with an automated
tool that is capable of generating exact high-order partial deriva-
tivesmodels for arbitrarilycomplex systems.Future generalizations
will extend the current algorithm for handling large-scale sparse
applications.

References
1Turner, J., “Object Oriented Coordinate Embedding Algorithm For Au-

tomatically Generating the Jacobian and Hessian Partial Derivatives of Non-
linear Vector Function,” Invention Disclosure, Univ. of Iowa, Iowa City, IA,
May 2002.

2Turner, J., “The Application of Clifford Algebras for Comput-
ing the Sensitivity Partial Derivatives of Linked Mechanical Systems,”
Nonlinear Dynamics and Control, USNCTAM14: Fourteenth U.S. Na-
tional Congress of Theoretical and Applied Mechanics, Blacksburg, VA,
June 2002.

3Griewank, A., “On Automatic Differentiation” Mathematical Program-
ming: Recent Developments and Applications, edited by M. Iri and K.
Tanabe, Kluwer Academic, Amsterdam, 1989, pp. 83–108.

4Bischof, C., Carle, A., Corliss, G., Griewank, A., and Hovland, P.,
“ADIFOR: Generating Derivative Codes from Fortran Programs,” Scienti� c
Programming, Vol. 1, 1992, pp. 1–29.

5Bishchof, C., Carle, A., Khademi, P., Mauer, A., and Hovland, P.,
“ADIFOR 2.0 User’s Guide (Revision C),” Mathematics and Computer Sci-
ence Div., Technical Rept. ANL/MCS-TM-192,Argonne National Lab., Ar-
gonne, IL, 1995.

6Eberhard, P., and Bischof, C., “Automatic Differentiation of Numerical
Integration Algorithms,” Mathematics and Computer Science Div., Tech-
nical Rept. ANL/MCS-P621-1196, Argonne National Lab., Argonne, IL,
1996.

7Hovland, P., and Heath, M., “Adaptive SOR: A Case Study in Automatic
Differentiation of Algorithm Parameters,” Mathematics and Computer Sci-
ence Div., Technical Rept. ANL/MCS-P673-0797, Argonne National Lab.,
Argonne, IL, 1997.

8Pryce, J. D., and Reid, J. K., “AD01, A Fortran 90 code for Auto-
matic Differentiation,”Rept.RAL-TR-1998-057,RutherfordAppletonLab.,
Oxfordshire, U.K., 1998.

9Griewank, A., Juedes, D., and Utke, J., “Algorithm 755; ADOL-C:
A Package for the Automatic Differentiation of Algorithms Written in
C/C++,” ACM Transactionson Mathematical Software, Vol. 22, No.1, 1996,
pp. 131–167.

10Coleman,T. F., and Verma, A., “The Ef� cient Computation of Sparse
Jacobian Matrices Using Automatic Differentiation,” SIAM Journal on Sci-
enti� c Computing, Vol. 19, No. 4, 1998, pp. 1210–1233.

11Coleman, T. F., and Verma, A., “ADMIT-1: Automatic Differentiation
andMATLAB Interface Toolbox,”ACM Transactionson MathematicalSoft-
ware, Vol. 26, No. 1, 2000, pp. 150–175.

12Tolsma, J. E., and Barton, P. I., “Hidden Discontinuities and Parametric
Sensitivity Calculations,” SIAM Journal on Scienti� c Computing, Vol. 23,
No. 6, 2002, pp. 1861–1874.

13Stamatiadis, S., Prosmiti, R., and Farantos, S. C., “AUTO Deriv: Tool
for Automatic Differentiation of a FORTRAN Code,” Computer Physics
Communication, Vol. 127, 2000, pp. 343–355.

14Chinchalkar, S., “The ApplicationofAutomatic Differentiation to Prob-
lems in Engineering Analysis,” Computer Methods in Applied Mechanics
and Engineering, Vol. 118, 1994, pp. 197–207.

15Karczmarczuk, J., “Functional Differentiation of Computer Programs,”
Higher-Order and Symbolic Computation, Vol. 14, 2001, pp. 35–57.

16Elizondo, D., Cappelaere, B., and Faure, C., “Automatic Versus Man-
ual Model Differentiation to Compute Sensitivities and Solve Non-Linear
Inverse Problems,” Computers and Geosciences, Vol. 28, No. 3, 2002,
pp. 309–326.

17Stadler, W., and Eberhard, P., “Jacobian Motion and Its Derivatives,”
Mechatronics, Vol. 11, 2001, pp. 563–591.

18Li, S., and Petzold, L., “Software and Algorithms for Sensitivity Anal-
ysis of Large-Scale Differential Algebraic Systems,” Journal of Computa-
tional and Applied Mathematics, Vol. 125, 2000, pp. 131–145.

19Biggs, M. B., Brown, S., Christianson, B., and Dixon, L., “Automatic
DifferentiationofAlgorithms,”JournalofComputationalandAppliedMath-
ematics, Vol. 124, 2002, pp. 171–190.
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